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A CHARACTERISTIC OF LOCAL EXISTENCE FOR
FRACTIONAL HEAT EQUATIONS IN LEBESGUE SPACES
KEXUE LI
Abstract. In this paper, we consider the fractional heat equation ut = △α/2u+
f(u) with Dirichlet boundary conditions on the ball BR ⊂ Rd, where △α/2 is the
fractional Laplacian, f : [0,∞) → [0,∞) is continuous and non-decreasing. We
present the characterisations of f to ensure the equation has a local solution in
Lq(BR) provided that the non-negative initial data u0 ∈ Lq(BR). For q > 1 and
1 < α ≤ 2, we show that the equation has a local solution in Lq(BR) if and only
if lims→∞ sup s
−(1+αq/d)f(s) = ∞; and for q = 1 and 1 < α ≤ 2 if and only if∫∞
1 s
−(1+α/d)F (s)ds <∞, where F (s) = sup1≤t≤s f(t)/t. When lims→0 f(s)/s <
∞, the same characterisations holds for the fractional heat equation on the whole
space Rd.
1. Introduction
Let BR := BR(0) be the open ball in R
d of radius R centred at 0. We consider
local existence of solutions of the semilinear fractional heat equation

ut = △α/2u+ f(u),
u(0) = u0 ≥ 0,
(1.1)
on a domain Ω ⊂ Rd and on Rd with Dirichlet boundary conditions, when Ω = BR,
u0 ∈ Lq(BR), 1 ≤ q < ∞. △α/2 := −(−∆)α/2 denotes the fractional Laplacian
defined by the Fourier transform
(F(−△)α/2u)(ξ) = |ξ|αF(u)(ξ),
where 0 < α ≤ 2, F denotes the Fourier transform. If α = 2, the fractional Laplacian
△α/2 becomes the Laplacian △.
We present the characteristic conditions on f such that (1.1) has a local solu-
tion bounded in Lq(Ω) for non-negative initial data in Lq(Ω). Many previous results
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2about the existence of semilinear parabolic equations or semilinear fractional para-
bolic equations are concerned with the nonlinearity term f(u) = up, or f is assumed
to be convex. In this paper, we only require that f : [0,∞) → [0,∞) is contin-
uous and non-decreasing. The non-existence results are based on lower bounds of
the fractional heat kernel, particularly on lower bounds of the function that the
fractional heat semigroup acts on the characteristic function of a ball.
For α = 2, when Ω = Rd, f(u) = up(p > 1), Fujita [9] proved that (1.1)
has a global solution u(t, x) for sufficiently small u0 if d >
2
p−1 , but (1.1) has no
global solution for any u0 6≡ 0 if d > 2p−1 . For the critical case d = 2p−1 , Hayakawa
[10] showed that there is no global solution if d equals to 1 or 2. Kobayashi et
al. [11] obtained the same result for general d. The critical exponent for nonlinear
evolution equations has been studied by many authors, see for example, [20], [21],
and references therein. Weissler [19] studied the semilinear parabolic equation
ut = Au+ f(u), u(0) = u0, (1.2)
where u : [0, T ]→ Lq(Ω), Ω is a domain in Rd and 1 ≤ q <∞, A is the infinitesimal
generator of a C0 semigroup e
tA on Lq(Ω), f has a polynomial growth. One main
difference between [19] and previous work is that the initial data u(0) is allowed to
be an arbitrary function u0 in L
q(Ω). If α = 2, f(u) = |u|p−1u, (1.1) was considered
by Brezis and Cazenave [22] when Ω ⊂ Rd is smooth bounded domain and p > 1,
u0 ∈ Lq(Ω) for 1 ≤ q <∞. The critical exponent is q = d(p− 1)/2. They obtained
the existence and uniqueness of a local solution for any u0 ∈ Lq(Ω) provided that
q > d(p− 1)/2 (resp. q = d(p− 1)/2) and q ≥ 1 (resp. q > 1), d ≥ 1.
In the last decades, fractional laplacian has attracted a great deal of attention,
which naturally arises in anomalous diffusion [24], conformal geometry [28], phase
transitions [27], quasi-geostrophic flows [23], etc. Differential equations with frac-
tional Laplacian appeared in many papers, see for example [25], [26], [29], [31], [32].
3Sugitani [17] studied the equation


ut = −(−△
2
)α/2u+ f(u),
u(0) = u0,
(1.3)
where 0 < α ≤ 2, u0 is nontrivial, nonnegative and continuous function on Rd.
Let f(u) be a nonnegative continuous function with f(0) = 0, defined on [0,∞),
satisfying the following conditions:
(f.1) f is increasing and convex.
(f.2) There exists some β ∈ [0, β
d
] and c′ ∈ (0,∞), such that limu↓0 f(u)u1+β = c′.
(f.3)
∫∞
1
du
f(u)
<∞.
Under the above assumptions, Sugitani proved that the nonnegative solution u(t, x)
of (1.3) blows up in finite time, i.e., there exists some t0 > 0 such that u(t, x) =∞
for every t ≥ t0 and x ∈ Rd. Fino and Kirane [30] considered a time-space nonlocal
nonlinear parabolic equation


ut + (−△)α/2u = 1
Γ(1− β)
∫ t
0
(t− s)−β|u|p−1u(s)ds, x ∈ Rd, t > 0,
u(0) = u0,
(1.4)
where d ≥ 1, 0 < α ≤ 2, 0 < β < 1, p > 1 and u0 ∈ C0(Rd), which denotes the space
of all continuous functions tending to zero at infinity. They showed that blowing-up
solution exist and study their time blowup profile. The necessary conditions for
local or global existence is established. Tan and Xu [15] considered the problem


ut = −(−△)αu+ h(t)uv, (x, t) ∈ Rd × (0, T ),
u(0) = u0, u0 ≥ 0, u0 6≡ 0,
(1.5)
where 0 < α ≤ 1, v > 1, u is a curve in Lq(Rd)(1 < q < ∞), u : [0, T ] → Lq(Rd),
h(t) is continuous and c0t
σ ≤ h(t) ≤ c1tσ for large t, c0, c1 > 0, σ > −1 are
constants. The initial value u(0) is assumed to be in Lq(Rd). The authors discussed
the existence and non-existence of global solutions.
4However, if we only assume that f is monotonic, most of the above existence re-
sults about semilinear parabolic equations and semilinear fractional parabolic equa-
tions will be not valid. Laister et al. [6] considered the semilinear heat equation
ut − △u = f(u), where f : [0,∞) → [0,∞) is continuous and non-decreasing but
need not be convex. For q ≥ 1, the authors gave the characteristic conditions for f
such that the equation has a local solution bounded in Lq(Ω) for all non-negative
initial value u0 ∈ Lq(Ω), where Ω ⊂ Rd is a bounded domain with Dirichlet bound-
ary conditions. They also presented the characteristic conditions for the equation
on the whole space Rd. It is pointed out in [6] that local non-existence is ‘immediate
blowup’ in some sense, which is different from ‘finite-time blowup’(see, [18], [33],
[34]).
In this paper, we give a characteristic of f such that for q ≥ 1, (1.1) has a
local solution bounded in Lq(BR) for all non-negative initial value u0 ∈ Lq(BR).
We show that if for q ≥ 1, 1 < α ≤ 2, lims→∞ sup s−(1+αq/d)f(s) = ∞, then there
exists a non-negative initial value u0 for which (1.1) has no local solution bounded
in Lq(BR). If lims→∞ sup s−(1+αq/d)f(s) < ∞, we see that f(s) ≤ c(1 + s1+αq/d) for
some positive constant c. From the fact that ut = △α/2u+ c(1 + up), p = 1 + αq/d
has the local Lq existence property, it follows (see Theorem 2) that for q > 1 and
1 < α ≤ 2, equation (1.1) has the local Lq existence property for every non-negative
u0 ∈ Lq(BR) if and only if lims→∞ sup s−(1+αq/d)f(s) < ∞. The case q = 1 is more
delicate. We prove that the condition
∑∞
k=1 s
−(1+α/d)
k f(sk) =∞ for some sequence sk
and 1 < α ≤ 2 such that sk+1 ≥ τsk (τ > 1) can guarantee a non-existence result.
By the equivalent integral condition
∫∞
1
s−(1+α/d)F (s) = ∞, F (s) = sup1≤t≤s f(t)t
and some properties of supersolutions, we obtain a result that equation (1.1) has
the local L1 existence property if and only if
∫ ∞
1
s−(1+α/d)F (s)ds <∞, where F (s) = sup
1≤t≤s
f(t)
t
.
5The paper is organized as follows. In Section 2, we show some lower bounds on
solutions of fractional heat equation for the initial value is the characteristic function
of a ball. In Section 3, we consider the problem with the initial data in Lq(BR),
1 < q < ∞. Section 4 contains the results for initial data in L1(BR). In Section 5,
we discuss the problem on the whole space Rd.
2. Lower bounds on solutions of the Dirichlet fractional heat
equation
For any r > 0, we denote by χr the characteristic function of Br := Br(0). The
volume of the unit ball in Rd is ωd. The solution of the fractional heat equation on
BR with Dirichlet boundary condition

ut = △α/2u,
u(x, 0) = u0(x) ∈ L1(BR),
u|∂BR = 0,
(2.1)
can be expressed as
u(t, x) = (Sα(t)u0)(x) :=
∫
BR
pD(t, x, y)u0(y)dy, (2.2)
where pD(x, y, t) is the heat kernel of ∆
α/2 on BR with Dirichlet boundary u|∂BR = 0.
It is well known that Sα(t) is a semigroup with the generator ∆
α/2, see [3].
Let p(t, x, y) be the heat kernel of ∆α/2 on Rd. We have the following inequality
(see [4])
0 ≤ pD(t, x, y) ≤ p(t, x, y) for all t > 0, x, y ∈ Rd. (2.3)
Throughout this paper, we use c0, c1, c2, . . . to denote generic constants, which may
change from line to line. For two nonnegative functions f1 and f2, the notion f1 ≍ f2
means that c1f2(x) ≤ f1(x) ≤ c2f2(x), where c1, c2 are positive constants. It is well
known that (see, e.g., [2, 3, 5])
p(t, x, y) ≍ (t−d/α ∧ t|x− y|d+α
)
,
6that is, there exist constants c1, c2 such that for t > 0, x, y ∈ Rd,
c1
(
t−d/α ∧ t|x− y|d+α
) ≤ p(t, x, y) ≤ c2(t−d/α ∧ t|x− y|d+α
)
, (2.4)
where c1 and c2 are positive constants depending on α.
From (2.4), it is easy to see that p(t, x, y) satisfies the following inequality
c1t
(t1/α + |y − x|)d+α ≤ p(t, x, y) ≤
c2t
(t1/α + |y − x|)d+α , (2.5)
where t > 0, x, y ∈ Rd, c1 and c2 are positive constants depending on α.
Lemma 1. (see [1], Theorem 1.1.) Let D be a C1,1 open subset of Rd with d ≥ 1
and δD(x) the Euclidean distance between x and D
c.
(i) For every T > 0, on (0, T ]×D ×D,
pD(t, x, y) ≍
(
1 ∧ δD(x)
α/2
√
t
)(
1 ∧ δD(y)
α/2
√
t
)(
t−1/α ∧ t|x− y|1+α
)
.
(ii) Suppose in addition that D is bounded. For every T > 0, there are positive
constants c1 < c2 such that on [T,∞)×D ×D,
c1e
−λ0tδD(x)α/2δD(y)α/2 ≤ pD(t, x, y) ≤ c2e−λ0tδD(x)α/2δD(y)α/2,
where λ0 > 0 is the smallest eigenvalue of the Dirichlet fractional Laplacian (−∆)α/2|D,
pD(t, x, y) is the Dirichlet fractional heat kernel.
For the definition of C1,1 open set, we refer to [1].
Lemma 2. For any r > 0, δ > 0 for which Br+2δ ⊂ BR, there exists a positive
constant c(d, α), such that for all 0 < t ≤ δα,
Sα(t)χr ≥ c(d, α)
( r
r + t1/α
)d
χr+t1/α . (2.6)
Proof. Since Br+2δ ⊂ BR, for all t ∈ (0, δα) and x ∈ Br+t1/α , we have dist(x,B(0, R)c) ≥
δ. For such x and t, by (i) of Lemma 1,
pD(t, x, y) ≥ c0(t−d/α ∧ t|x− y|d+α ). (2.7)
7Then
[Sα(t)χr](x) =
∫
Br(0)
pD(t, x, y)dy
≥ c0
∫
Br
(t−d/α ∧ t|x− y|d+α )dy.
And we have
[Sα(t)χr](x) ≥ c1
∫
Br
t
(t1/α + |y − x|)d+αdy. (2.8)
Since
∫
Br
t
(t1/α+|y−x|)d+αdy is radially symmetric and decreasing with |x|, then for
|x| ≤ r + t1/α and any unit vector τ , we have
[Sα(t)χr](x) ≥ c1
∫
Br
t
(t1/α + |y − x|)d+αdy
≥ c1
∫
Br((r+t1/α)τ)
t
(t1/α + |z|)d+αdz
= c1
∫
B
rt−1/α
((t−1/αr+1)τ)
1
(1 + |w|)d+αdw. (2.9)
Note that Bt−1/αr((t
−1/αr+1)τ) ⊂ Bt−1/αρ((t−1/αρ+1)τ), if ρ ≥ r. Then for r ≥ t1/α,
by (3), we have
[Sα(t)χr](x) ≥ c1
∫
B1(2τ)
1
(1 + |w|)d+αdw
= c2(d, α), (2.10)
where c2(d, α) is a positive constant, which only depends on d and α. For r ≤ t1/α,
by (3), we get
[Sα(t)χr](x) ≥ c1
∫
B
rt−1/α
((t−1/αr+1)τ)
1
(2 + 2rt−1/α)d+α
dw
≥ c1(rt
−1/α)d
(2 + 2rt−1/α)d+α
≥ c3(d, α)(rt−1/α)d, (2.11)
8where c3(d, α) is a positive constant, which only depends on d and α.
Set c(d, α) = min{c2(d, α), c3(d, α)}. Then by (2.10) and (2.11),
[Sα(t)χr](x) ≥ c(d, α)
( r
max{r, t1/α}
)d
≥ c(d, α)( r
r + t1/α
)d
.

Corollary 1. For any r, δ > 0 for which Br+2δ ⊂ BR, there exists a constant µ(d, α),
depending only on d and α, such that for all 0 < t ≤ δα,∫
BR
Sα(t)χrdx ≥ µ(d, α)rd.
Proof. By (2.6), ∫
BR
Sα(t)χrdx ≥ c(d, α)
( r
r + t1/α
)d ∫
BR
χr+t1/αdx
≥ c(d, α)ωdrd.

Corollary 2. For any r, δ > 0 for which Br+2δ ⊂ BR, there exists a constant ν(d, α),
depending only on d and α, such that for all 0 < t ≤ min{δα, rα},
Sα(t)χr ≥ ν(d, α)χr+t1/α.
3. Initial data in Lq(BR), 1 < q <∞
Definition 1. Assume that f : [0,∞) → [0,∞) and u0 ≥ 0, u is said to be a local
integral solution of (1.1) on [0, T ) for some T > 0 if u : BR × [0, T ) → [0,∞) is
measurable, finite almost everywhere, and satisfies
u(t) = Sα(t)u0 +
∫ t
0
Sα(t− s)f(u(s))ds (3.1)
almost everywhere in BR × [0, T ).
Definition 2. u is called a local Lq solution of (1.1) if u is a local integral solution
on [0, T ) for some T > 0 and u ∈ L∞((0, T );Lq(BR)). If for every non-negative
9u0 ∈ Lq(BR), the integral solution u ∈ Lq(BR), we say that (1.1) has the local
existence property in Lq(BR).
Theorem 1. Let f : [0,∞) → [0,∞) be non-decreasing. If q ∈ [1,∞), α ∈ (1, 2]
and
lim
s→∞
sup s−(1+αq/d)f(s) =∞, (3.2)
there exists a non-negative u0 ∈ Lq(BR) such that

ut = △α/2u+ f(u),
u(x, 0) = u0(x),
u|∂BR = 0
(3.3)
has no local Lq solution.
Proof. By (3.2), there exists an increasing sequence φk(k = 1, 2, · · · ) such that
φk ≥ k, f(φk) ≥ φpkek/q,
where p = 1 + αq/d.
Set rk = εφ
−q/d
k k
−αq/d and express the initial data u0(x) =
∑∞
k=1 uk, uk =
1
ν(d,α)
φkχrk ,
where ν(d, α) is the same constant as that in Corollary 2, ε is small enough such
that B3rk ⊂ BR for every k. Since
‖uk‖qLq =
ωd
ν(d, α)q
rdkφ
q
k
=
ωd
ν(d, α)q
(εφ
−q/d
k k
−αq/d)dφqk
=
ωd
ν(d, α)q
εdk−αq,
then
‖uk‖Lq = ω
1/q
d
ν(d, α)
εd/qk−α,
and
‖u0‖Lq ≤
∞∑
k=1
‖uk‖Lq = ω
1/q
d
ν(d, α)
εd/q
∞∑
k=1
k−α <∞.
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If a solution u(t) of (3.3) exists, then
u(t) = Sα(t)u0 +
∫ t
0
Sα(t− s)f(u(s))ds. (3.4)
From u ≥ 0, f ≥ 0, it follows that
u(t) ≥ Sα(t)u0 ≥ Sα(t)uk. (3.5)
From now, we fix k. By (3.4), (3.5) and note that f is non-decreasing,
u(t) ≥
∫ t
0
Sα(t− s)f(sα(s)uk)ds. (3.6)
In corollary 2, taking δ = rk, we get
Sα(s)uk = Sα(s)
( 1
ν(d, α)
φkχrk
)
=
φk
ν(d, α)
Sα(s)χrk
≥ φkχrk+t1/α
≥ φkχrk , (3.7)
where s ∈ [0, r1/αk ].
By (3.7), we have
f(Sα(s)uk) ≥ f(φk)χrk , 0 < s ≤ rαk .
This together with Corollary 2 yield
Sα(t− s)f(Sα(s)uk) ≥ ν(d, α)f(φk)χrk+(t−s)1/α
≥ ν(d, α)f(φk)χrk , (3.8)
where 0 < s ≤ t ≤ rαk .
Set tk = r
α
k , for any t ∈ [tk/2, tk], by (3.6), (5.2), we have
[u(t)](x) ≥
∫ t
0
Sα(t− s)f(Sα(s)uk)ds
≥
∫ rαk /2
0
ν(d, α)f(φk)χrkds
≥ 1
2
rαk ν(d, α)f(φk)χrk .
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Therefore
‖u(t)‖qLq ≥
∫
Brk
|u(t)|qdx
≥ (ν(d, α)
2
)q
rαqk f(φk)
qrdkωd
=
(ν(d, α)
2
)q
ωdr
αq+d
k f(φk)
q
≥ (ν(d, α)
2
)q
ωd(εφ
−q/d
k k
−αq/d)αq+dφ(1+(αq/d))qk e
k
≥ (ν(d, α)
2
)q
ωdε
αq+dk−αq(1+αq/d)ek
→∞
as k →∞. This implies u does not belong to L∞(0, T );Lq(BR)) for any T > 0. 
The initial data is always assumed to be an element M+S (BR), the set of non-
negative, a.e. finite measurable functions on BR such that
Sα(t)u0 =
∫
BR
pD(t, ·, y)u0(y)dy <∞ for t > 0.
Define the operator
F [v](t) = Sα(t)u0 +
∫ t
0
Sα(t− s)f(v(s))ds. (3.9)
Let M+(BR) be the set of nonnegative, almost everywhere finite, measurable
functions on BR. A function u is said to be a solution of (3.9) if for any u ∈M+(BR)
such that F [u] = u a.e. in BR. Any w ∈ M+(BR) satisfying F [w] ≤ w (resp.
F [w] ≥ w) will be called a supersolution (resp. subsolution).
Lemma 3. Suppose f : [0,∞) → [0,∞) is continuous, nondecreasing and let u0 ∈
M+S (BR). Then F admits a solution in BR if and only if it admits a supersolution
in BR.
Proof. The proof is essentially the same as that of Theorem 1 in [13], with the
difference that Sα(t) is changed to S(t), the heat semigroup. So it is omitted. 
12
Theorem 2. Let f : [0,∞) → [0,∞) be non-decreasing and continuous. If q ∈
(1,∞), α ∈ (1, 2], then (3.3) has the local existence property in Lq(BR) if and only
if
lim
s→∞
sup s−(1+αq/d)f(s) <∞.
Proof. By Theorem 1, we only need to prove the sufficiency. Since lims→∞ sup s−(1+αq/d)f(s) <
∞, there exists a positive constant c such that
f(s) ≤ c(1 + sp), where p = 1 + αq/d. (3.10)
Consider the equation
ut = △α/2u+ c(1 + up). (3.11)
Set A = −∆, it is known that −A generates a strongly continuous bounded semi-
group S(t) = exp(−tA) on Lp(BR) (see Theorem 3.5 in [7]). Then the fractional
power −Aα/2 = ∆α/2, 0 < α < 2, generates an analytic semigroup Sα(t) =
exp(−tAα/2) = exp(t∆α/2) on Lp(BR) (See [8]). Then we have the following smooth-
ing effect (See [31], for example)
‖Sα(t)ϕ‖Lq ≤ Ct−
d
α
( 1
r
− 1
q
)‖ϕ‖Lr , (3.12)
for all ϕ ∈ Lr and all 1 ≤ r ≤ q ≤ ∞, t > 0. Similar to the proof of Theorem 2.2 in
[15] (or the proof of Theorem 6.1 in [30]), we can get the local Lq existence property
of (3.11). This together with Lemma 3 yield the conclusion. 
4. Initial data in L1(BR)
4.1. A condition for non-existence of a local L1 solution.
Theorem 3. Assume that f : [0,∞) → [0,∞) is non-deceasing and there exists a
sequence {sk}∞k=1 such that
sk+1 ≥ τsk,
13
and
∞∑
k=1
s−pk f(sk) =∞,
where τ > 1, p = 1 + α
d
, α ∈ (1, 2]. Then there exists a non-negative initial data
u0 ∈ L1(BR) such that 

ut = △α/2u+ f(u),
u(x, 0) = u0(x),
u|∂BR = 0
(4.1)
has no local integral solution that belongs to L1loc(BR) for t > 0, thus no local L
1
solution exists.
Proof. Let φk =
sk
c(d,α)
and un(x) =
1
nα
βdnχ1/βn , where n = 1, 2, · · · , βn = (nαφξn)1/d,
ξn will be chosen later. Set u0(x) =
∑∞
n=n0
un(x), where n0 satisfies
1
βn0
< 1
3
R. For
all n ≥ n0, B1/βn+2/3R ⊂ BR. Note that
‖u0‖L1 ≤
∞∑
n=1
‖un‖L1 = ωd
∞∑
n=1
n−α <∞.
Similar to the argument in the proof of Theorem , we have
∫
BR
u(t, x)dx ≥
∫
BR
∫ t
0
Sα(t− s)f(Sα(s)un)dsdx.
Let v0 = ψβ
dχ1/β , ψ is a positive constant to be chosen later. With r =
1
β
and
δ = R
3
, by Lemma 2, we get
Sα(s)v0 ≥ c(d, α) ψβ
d
(1 + βs1/α)d
χ1/β+t1/α . (4.2)
From (4.2), it follows that for |x| ≤ 1
β
+ t1/α and s ≤ tk := min{(R3 )α, [( ψφk )1/d− 1β ]α},
Sα(s)v0 ≥ c(d, α)φk, (4.3)
where ψ satisfies ψ ≥ φk
βd
.
14
For t ∈ (0, (R
3
)α), since f is non-decreasing, by (4.3) and Corollary 1,
∫
BR
∫ t
0
Sα(t− s)f(Sα(s)v0)dsdx
≥
∑
k
∫
BR
∫ tk
tk+1
Sα(t− s)f(Sα(s)v0)dsdx
=
∑
k
∫ tk
tk+1
∫
BR
Sα(t− s)f(Sα(s)v0)dxds
≥
∑
k
f(c(d, α)φk)
∫ tk
tk+1
∫
BR
Sα(t− s)χ1/β+t1/αdxds
≥ µ(d, α)
∑
k
f(c(d, α)φk)
∫ tk
tk+1
(
1
β
+ s1/α)dds
≥ µ(d, α)
∑
k
f(c(d, α)φk)
∫ tk
tk+1
sd/αds, (4.4)
where the sum in k is taken over those for which
1
βd
φk ≤ ψ ≤ ( 1
β
+ t1/α)dφk. (4.5)
For k satisfying (4.5) and α
βd
φk+1 ≤ ψ, we obtain
∫ tk
tk+1
sd/αds =
α
d+ α
(t
d/α+1
k − td/α+1k+1 )
=
α
d+ α
{
[(
ψ
φk
)1/d − 1
β
]d+α − [( ψ
φk+1
)1/d − 1
β
]d+α
}
=
α
d+ α
(
ψ
φk
)1+α/d
{[
1− ( φk
ψβd
)1/d
]d+α − φ
1+α/d
k
φ
1+α/d
k+1
[
1− (φk+1
ψβd
)1/d
]d+α}
≥ α
d+ α
(
ψ
φk
)1+α/d
(
1− φ
1+α/d
k
φ
1+α/d
k+1
)[
1− (φk+1
ψβd
)1/d
]d+α
. (4.6)
Since φk+1 ≥ τφk, 2βdφk+1 ≤ ψ, by (4.6), we have
∫ tk
tk+1
sd/αds ≥ c(d, α, τ) α
d+ α
(
ψ
φk
)1+α/d, (4.7)
where c(d, α, τ) is a positive constant.
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By (4.4), (4.7),
∫
BR
∫ t
0
Sα(t− s)f(Sα(s)v0)ds ≥ µ(d, α)c(d, α, τ)
∑
k
f(c(d, α)φk)(
ψ
φk
)1+α/d
= cψp
∑
k
f(sk)s
−p
k , (4.8)
where the sum in k is taken over
{
k :
α
βd
≤ ψ
φk+1
≤ ψ
φk
≤ ( 1
β
+ t1/α)d
}
. (4.9)
For t ∈ (0, (R
3
)α), when n is large enough such that t1/αnα/d ≥ 1, let ψ = n−α,
β = βn = (n
αφξn)
1/d, then the set (4.9) contains
{
k : 1 ≤ φk, and φk+1 ≤ 1
α
φξn
}
= {k : k0 ≤ k ≤ kn},
where k0 is the smallest value of k such that φk ≥ 1, ξn is chosen to satisfy φkn+1 ≤
1
α
φξn . Since
∑∞
k=1 s
−p
k f(sk) = ∞, by (4.9), φk = skc(d,α) and ψ = n−α, we can choose
kn such that n
−αp∑kn
k=k0
f(sk)s
−p
k →∞ as n→∞. 
We can get an equivalent integral condition for non-existence of a local L1
solution of (4.1).
Lemma 4. (See Lemma 4.2 in [6].) Assume that f : [0,∞)→ [0,∞) is continuous
and non-decreasing and p > 1. The following conditions are equivalent.
(i) The exists a sequence {sk}∞k=1 such that sk+1 ≥ τsk, τ > 1 and
∞∑
k=1
s−pk f(sk) =∞.
(ii)
∫∞
1
s−pF (s)ds =∞, where F (s) = sup1≤t≤s f(t)t .
Remark 1. In the Lemma 5.3, f is supposed to be continuous. In fact, in Lemma
4.2 in [6], there is no such requirement. But in the proof of Lemma 4.2 in [6], some
sequence is assumed to make that the supreme in (ii) is attainable, this needs some
additional conditions other than f is non-decreasing.
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4.2. An integral condition for local existence.
Lemma 5. Let u0 ≥ 0. If f : [0,∞) → [0,∞) is continuous and non-decreasing
and there exists a function v ∈ L1((0, T )× BR) such that
Sα(t)u0 +
∫ t
0
Sα(t− s)f(v(s))ds ≤ v(t), t ∈ [0, T ], (4.10)
then there exists a local integral solution u of (1.1), u(t, x) ≤ v(t, x), x ∈ BR,
t ∈ [0, T ].
Proof. By Lemma 3, the conclusion holds. 
Let X , Y be two Banach spaces. By L(X, Y ), we denote the space of all
bounded linear operators from X into Y . If X = Y , we simply rewrite L(X, Y )
as L(X). A function S : [0,∞) → L(X, Y ) is strongly continuous if t 7→ S(t)x is
continuous for all x ∈ X .
Lemma 6. (See Proposition 1.3.4 in [16]) Let f ∈ L1loc([0,∞), X) and let S :
[0,∞)→ L(X, Y ) be strongly continuous. Then the convolution
(S ∗ f)(t) =
∫ t
0
S(t− s)f(s)ds
exists (as a Bochner integral) and defines a continuous function S ∗ f : [0,∞)→ Y .
Theorem 4. If f : [0,∞)→ [0,∞) is continuous and non-decreasing and
∫ ∞
1
s−(1+α/d)F (s)ds <∞, where F (s) = sup
1≤t≤s
f(t)
t
, (4.11)
then for every non-negative u0 ∈ L1(BR), there exists a constant T > 0 such that
(4.1) has a solution
u ∈ L∞loc((0, T );L∞(BR)) ∩ C([0, T ];L1(BR)).
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Proof. First, we consider the case that u0 = 0. We have
Sα(t)χBR =
∫
BR
pD(t, x, y)χBR(y)dy
≤
∫
Rd
pD(t, x, y)χBR(y)dy
≤ χBR . (4.12)
For t ∈ [0, t0], since Sα(t) is strongly continuous, there exists a positive constant
Mt0 , such that
‖Sα(t)‖ ≤Mt0 . (4.13)
By ( 4.12) and (4.13), we obtain
S(t)u0 +
∫ t
0
Sα(t− s)f(Sα(s)χBR)ds ≤
∫ t
0
Sα(t− s)(f(1)χBR)ds
≤ tMt0f(1)χBR
≤ χBR
for all t small enough.
Second, we consider the case that u0 6= 0. Define f˜(s) = f(s) for s ∈ [0, 1]
and f˜(s) = sF (s) for s > 1. We see that f(s) ≤ f˜(s), f˜(s)/s : [1,∞) → [0,∞) is
non-decreasing. Since any supersolution of the equation
ut = ∆
α/2u+ f˜(u) (4.14)
is a supersolution of (4.1). We only need to show that (4.14) has a supersolution.
The integral condition in (4.11) can be rewritten as
∫ ∞
1
s−(2+α/d)f˜(s)ds <∞,
letting s = τ−d/α, we have
∫ 1
0
τd/αf˜(τ−d/α)dτ <∞.
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For any B > 1, set v(t) = BS(t)u0 + χBR . Then
F(v(t)) = Sα(t)u0 +
∫ t
0
Sα(t− s)f˜(v(s))ds
= Sα(t)u0 +
∫ t
0
Sα(t− s)f˜(BSα(s)u0 + χBR)ds
= Sα(t)u0 +
∫ t
0
Sα(t− s) f˜(BSα(s)u0 + χBR)
BSα(s)u0 + χBR
(BSα(s)u0 + χBR)ds
≤ Sα(t)u0 +
∫ t
0
Sα(t− s)‖ f˜(BSα(s)u0 + χBR)
BSα(s)u0 + χBR
‖L∞(BSα(s)u0 + χBR)ds.
(4.15)
Since for all t > 0, Sα(t)χBR ≤ χBR , by (4.15),
F(v(t)) ≤ Sα(t)u0 + (BSα(t)u0 + χBR)
∫ t
0
‖ f˜(BSα(s)u0 + χBR)
BSα(s)u0 + χBR
‖L∞ds.
Since f˜(s)/s is non-decreasing for s ≥ 1, we get
F(v(t)) ≤ Sα(t)u0 + (BSα(t)u0 + χBR)
∫ t
0
f˜(‖BSα(s)u0 + χBR‖L∞)
‖BSα(s)u0 + χBR‖L∞
‖ds. (4.16)
By the smoothing estimate (3.12), we have
‖Sα(t)u0‖L∞ ≤ Ct−d/α‖u0‖L1. (4.17)
Then
‖BSα(s)u0 + χBR‖L∞ ≤ B‖Sα(s)u0‖L∞ + 1 ≤ BCs−d/α‖u0‖L1 + 1 ≤ 2BCs−d/α‖u0‖L1
(4.18)
holds for small enough s.
By (4.16) and (4.18), we have
F(v(t)) ≤ Sα(t)u0 + (BSα(t)u0 + χBR)
∫ t
0
f˜(2BCs−d/α‖u0‖L1)
2BCs−d/α‖u0‖L1 ds. (4.19)
Note that B > 1, letting 2BCs−d/α = τ−d/α, by (4.19), we obtain
F(v(t)) ≤ Sα(t)u0 +
( ∫ t(2BC‖u0‖L1 )−α/d
0
τd/αf˜(τ−d/α)dτ
)
(2BC‖u0‖L1)α/d(BSα(t)u0 + χBR)
≤ BSα(t)u0 + χBR ,
for t small enough. By Lemma 5, we obtain the local existence of a solution u(t)
which satisfies u(t) ≤ v(t) = BSα(t)u0 + χBR and u ∈ L∞loc((0, T );L∞(BR)). Since
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f(u) ∈ L1((0, T );L1(BR)) and
u(t) = Sα(t)u0 +
∫ t
0
Sα(t− s)f(u(s))ds,
Since f(u) ∈ L1((0, T );L1(BR)), by Lemma 6, we have u ∈ C([0, T ];L1(BR)). 
Corollary 3. Let f : [0,∞)→ [0,∞) is continuous and non-decreasing. Then (4.1)
has the local L1 existence property if and only if
∫ ∞
1
s−(1+α/d)F (s)ds <∞, where F (s) = sup
1≤t≤s
f(t)
t
.
5. Results for the whole space Rd
Consider the equation (1.1) on Rd. Under the additional condition lims→0
f(s)
s
<
∞, we have the following theorem.
Theorem 5. Let α ∈ (1, 2] and let f : [0,∞) → [0,∞) be continuous and non-
decreasing. Then
(i) for q ∈ (1,∞), (1.1) has the local existence property in Lq(Rd) if and only if
lim
s→0
sup
f(s)
s
<∞ and lim
s→∞
s−(1+αq)/df(s) <∞;
(ii) (1.1) has the local existence property in L1(Rd) if and only if
lim
s→0
sup
f(s)
s
<∞ and
∫ ∞
1
s−(1+α/d)F (s)ds <∞,
where F (s) = sup1≤t≤s
f(t)
t
.
Proof. (i) We first show that if (1.1) has the local existence property in Lq(Rd), then
the inequalities in (i) hold. The non-existence results of Theorem 1 still hold for the
equations on Rd, since proofs of them only need the lower bounds for the Dirichlet
fractional heat kernel and note that the inequality (2.7) is similar to the inequality
on the left side of (2.4). We will prove that if lims→0 sup
f(s)
s
=∞, then there exists
a non-negative u0 ∈ Lq(Rd) such that the solution of (1.1) is not bounded in Lq(Rd).
In fact, we can choose a sequence sn → 0 such that sn ≤ n−α and f(sn) ≥ n2αsn.
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Set
u0 =
∞∑
n=1
un, un =
1
ν(d, α)
snχn−αq/ds−q/dn (xn),
where ν(d, α) is the same constant as that in Corollary 2 and xn are chosen such
that B(xn, n
−αq/ds−q/dn ) are disjoint. Note that
‖un‖qLq =
1
ν(d, α)q
ωdn
−αq,
then
‖u0‖Lq ≤
∞∑
n=1
‖un‖Lq = 1
ν(d, α)
ω
1/q
d
∞∑
n=1
n−α <∞.
Since sn ≤ n−α, then n−αq/ds−q/dn ≥ 1. For all 0 < s ≤ 1, by Corollary 2,
Sα(s)un = Sα(s)
( 1
ν(d, α)
snχn−αq/ds−q/dn (xn)
)
=
sn
ν(d, α)
Sα(s)χn−αq/ds−q/dn (xn)
≥ snχn−αq/ds−q/dn +√s(xn)
≥ snχn−αq/ds−q/dn (xn).
Thus
f(Sα(s)un) ≥ f(sn)χn−αq/ds−q/dn (xn), 0 < s ≤ 1. (5.1)
For all 0 < t ≤ 1, by (5.1) and Corollary 2, we obtain
Sα(t− s)f(Sα(s)un) ≥ ν(d, α)f(sn)χn−αq/ds−q/dn +(t−s)1/α(xn)
≥ ν(d, α)f(sn)χn−αq/ds−q/dn (xn). (5.2)
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Therefore,
u(t, x) ≥
∫ t
0
Sα(t− s)f(u(s))ds
≥
∫ t
0
Sα(t− s)f(Sα(s)u0)ds
≥
∫ t
0
Sα(t− s)f(Sα(s)un)ds
≥ ν(d, α)
∫ t
0
f(sn)χn−αq/ds−q/dn (xn)ds
≥ ν(d, α)tn2αsnχn−αq/ds−q/dn (xn),
for all 0 < t ≤ 1.
Then
‖u(t)‖qLq =
∫
Rd
|u(t, x)|qdx ≥ ν(d, α)qtqωdnαq →∞
as n→∞.
Second, for q ∈ (1,∞), we will prove that if
lim
s→0
sup
f(s)
s
<∞ and lim
s→∞
s−(1+αq)/df(s) <∞, (5.3)
then (1.1) has the local existence property in Lq(Rd).
For convenience, we let p = 1 + αq/d. From (5.3), it follows that
f(s) ≤ C(s+ sp),
where C is a positive constant. When f(s) = 2Csp, (1.1) has the local Lq existence
property for t is sufficiently small, see [15]. Given a non-negative u0 ∈ Lq(Rd), let
u(t) be the local Lq solution with f(s) = 2Csp. Set v(t) = e2Ctu(t), we have
vt + (−△)α/2v = 2Ce2Ctu+ e2Ct(ut + (−△)α/2u)
= 2Ce2Ctu+ e2Ct2Cup
≥ 2C(v + (e2Ct)1−pvp)
≥ 2Cv + vp > C(v + vp), (5.4)
where (e2Ct)1−p ≥ 1/2.
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From (e2Ct)1−p ≥ 1/2, we have 0 < t ≤ ln 2
2C(p−1) . By (5.4), it is easy to see that
v is a supersolution for 0 < t ≤ ln 2
2C(p−1) . Then from Lemma 5, it follows that there
exists a solution of (1.1) bounded in Lq(Rd).
(ii) The non-existence results of Theorem 3 still hold for the equations on Rd,
by the same argument as that in the proof of (i). By the simliar proof as that
in (i), we can prove that if lims→0 sup
f(s)
s
= ∞, then there exists a non-negative
u0 ∈ L1(Rd) such that the solution of (1.1) is not bounded in L1(Rd). Next we show
that if
lim
s→0
sup
f(s)
s
<∞ and
∫ ∞
1
s−(1+α/d)F (s)ds <∞,
where F (s) = sup1≤t≤s
f(t)
t
, then (1.1) has the local existence property in L1(Rd). In
fact, by lims→0 sup
f(s)
s
< ∞ and the continuity of f , we have f(0) = 0. If u0 = 0,
then u(t) ≡ 0 is a solution of (1.1). If u0 6= 0, for x ∈ Rd,
(Sα(t)u)(x) =
∫
Rd
p(t, x, y)u(y)dy,
we get Sα(t)1 = 1 for all t > 0, and Sα(t)u0 > 0 for u0 > 0. Then by similar
arguments to that in the proof of Theorem 4, we obtain the local L1 existence
property. 
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